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1. INTRODUCTION 
In this article we discuss some geometrical aspects of end-point boundary 
value problems for ordinary differential equations. The simplest of these is 
the one of finding the solutions of a second order differential equation 
passing through two points A ,(x1, yJ and A&,, Yl), x, # x2, of the xy- 
plane: 
YN = f(& Y, Y’)., Yh) = Yl) Yv(X*) = YZ’ (I) 
The problem is global because the two points A, and A, may not be close to 
each other and it may happen that no solution passes through A 1 and A,. 
Actually it is the oldest global problem of the theory of ordinary differential 
equations for it appeared together with the very beginning of the calculus of 
variations and the derivation of the Euler equation. 
True to this origin, the boundary value problem (1) and its multifarious 
generalizations are very important in the applications and there is a vast 
literature, including books, about them. See, for instance, [ 1 - 31. But all this 
material is of an anaiytical and computational character and the subject 
rarerly is treated geometrically. 
We did so in [4] in a very special case and in [5] we considered the 
“lifted manifolds” through which the concepts of transversality and 
genericity came to the fore. In Section 2, we give a brief sketch of this and 
give some proofs that were omitted there. 
In Section 3 we consider, given a fixed point A@,, Y,), the set pi, 
i = 0, 1, 2 ,..., co, of points of the plane for which the boundary value problem 
(1) has exactly i solutions. These sets seem to constitute a basic object of 
study. Some examples are given, the ones in (3.4) involving some 
computation that is not done here. A proposition shows that there is a dense 
* This paper was presented at a meeting on Control Theory and Dynamical Systems held 
at Brown University on May 8-9, 1981. 
273 0022.0396/82/050273-08$02.00/0 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
274 M. M. PEIXOTO 
set of points 53 in the plane and a Baire set 9 cjr the space of allf’s such 
that, for f E F, any point B E @ belongs to some Zi with i finite or else, if 
it belongs to Za, then within any compact set there is only a finite number 
of connections between A and B. 
In Section 4, we give some examples illustrating how the concepts of lifted 
manifolds and transversality illuminate many end point boundary value 
problems, just by counting dimensions to tit the transversality condition. 
All this is very sketchy and a full study of these questions will appear 
elsewhere. 
2. THE LIFTED MANIFOLDS 
In this section, we fix some terminology and state some results, following 
[51. 
To simplify matters we will assume that the solutions of the differential 
equation (1) are defined for -co < x < co. This equation can be written as 




-&= u, g = j-(x, Y, u), (x, Y, u) E R 3. (2) 
We assume f to be of class C’+ ‘, r > 1, and call .F the space of allf’s with 
the C-Whitney topology. Then a typical neighborhood offin ST consists of 
all functions g: R3 + R such that, for some positive function 6: R3 + R, 
d’(f(x, Y, u), g(xv Y, u>) < 6(x, Y, ~1, 
where the left hand side stands for the pointwise C-distance between/and g. 
(2.1) DEFINITION. Let A(x, y, 0) be a point on the plane u = 0 and 
consider through it the line I parallel to the u-axis. At each point of 1, 
consider the trajectory of (2) through it and call the union of all these, 
L = L(A, f), the lifted manifold relative to A andf. 
The lifted amnifold is then a way to geometrize the totality of all trajec- 
tories of (1) passing through A. 
Clearly, there is a l-l correspondence between the trajectories y of (1) 
through A and the trajectories jr of (2) which, through a projection parallel to 
the u-axis, are projected onto y. 
(2.2) If Ai(xi,yi), i = 1,2, x, #x2, and Li=L(Ai,f), then a necessary 
and sufficient condition for the existence of a solution to the boundary value 
problem (1) is that 
L,AL,#0. 
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Then every trajectory y of (1) which is a solution to this problem is the 
projection of one and only one trajectory of (2), $?c L, n L, ; y is said to be 
a connection between A, and A, and 7 is the lift of y. 
(2.3) DEFINITION. A connection y between A, and A, is said to be 
transversaf or stable when the corresponding lifted manifolds meet transver- 
sally along the lift jj of y. 
Since the lifted manifolds are invariant by the flow determined by (2), 
when they meet transversally at one point of ji, they also meet transversally 
at all points of 7. We give below two characterizations of a transversal 
connection y between A, and AZ. 
Let Xi be the plane x = xi, Zi the line x = xi, y = yi, and Pi the point of 
the lift 7 of y which is projected onto A,, i = 1,2. Call n the Poincare 
transformation mapping a neighborhood of P, in X, onto a neighborhood of 
P, in X,. Let E be represented by, say, 
EL: Y=ay+bu+ em’, U = cy + du + -. . . 
(2.4) PROPOSITION. The connection y is transversal if and onZy if 
[ dn(0, l)] ,, = (8Y/&),, = b # 0. 
Proof. As mentions above, in order to prove that L(A , , f) and 
L(A,, f) meet transversally along all points of p, we need only to show that 
they meet transversally at one of the points of 7, say, P,. 
Now, at P,, the tangent plane to L, is determined by the line 1, and the 
tangent r to jr at P, , whereas the tangent plane to L 1 at P, is determined by r 
and by the image through dz of the unit vector of I,, (0, 1). Then a necessary 
and sufficient condition for tr~sversality at P, is that dtr(0, 1) = (i) have a 
nonvanishing Y-component, i.e., b # 0, proving (2.4). 
The condition below does not make use of the Poincare transformation 71 
and is more amenable to computation. 
Let a connection y between A, and A, be represented by an equation 
y = u(x). Associated to this connection we have the Jacobi equation 
(2.5) 
where the partial derivatives are to be evaluated along y = y(x). 
(2.6) PROPOSITION. A necessary and sufS”ienr condition for the 
connection y to be transversal is that the solution C(x) of the Jacobi 
equation (2.5) determined by 
c5(x,) = 0, T’(x,) = 1 
be such that <(x2) # 0. 
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Proof. We have only to show that the above proposition is equivalent to 
the condition b # 0 of the previous proposition. This is done by considering 
the variational equation associated to the solution 
x = x, Y = Y(X)* u = y’(x) 
of (2). Call (x + <, , y + 5, u + &) a perturbation of this solution so that the 
corresponding variational equation is 
or 
Assuming that r,(O) = 0, we get that c, vanishes everywhere and 
C” =f,C +s,r. 
Then considering the solution of this equation defined by c(O) = 0, 5’(O) = 1, 
the condition b f 0 mentioned above means exactly that c(xJ # 0. This 
proves (2.6). 
(2.7) DEFINITION. Two points Ai(xi, yi), i = 1,2, x, #x2 are said to 
constitute a sruble pair if the lifted manifolds are everywhere transversal. 
One may have in~nitely many connections between a stable pair but only 
a finite number of them stay within a compact set. 
(2.8) PROPOSITION. Given A, and A,, not on the same vertical, there is 
a open and dense subset 9 cr.F such that, for any f E .9, A, and A, are a 
stable pair. 
3. THE SETS Xi 
We now consider a fixed point A(x,, y,) of the xy-plane. 
(3.1) REFIN~ION. Let t=,, i = 0, 1,2 ,,,., co, be the set of points (x, y) 
that can be connected to A by exactly i solution of Eq. (1). 
Clearly, the line x = x0 belongs to Z,, and to Z, also belongs whatever 
lies outside the projection of the lifted manifold L(A,f) on the xy-plane 
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parallel to the u-axis. Of course, the Xi are disjoint and their union is 
R* - {A}. 
One basic problem is: What can be said about the sets Ci and how do they 
till the plane? When are they manifolds? Do they determine a stratification 
of the plane? 
We begin with some examples, the first two being trivial. 
(3.2) EXAMPLE. Let our equation be y” = 0. Then Z, is the line x =x0, 
C, is its complement, and all the other C’s are empty. 
(3.3) EXAMPLE. Consider the equation y” + y = 0. An easy computation 
shows that 
and all the other C’s are empty. The lifted manifolds are reproduced 
periodically with period kr. Notice the strong discontinuity of the Z’s at the 
points of Zoo. 
(3.4) EXAMPLE. Consider the equation 
YY” = $(Y’) (3.4.1) 
defined on y > 0 with 4 continuous and never vanishing on an open interval, 
finite or infinite. In [4], we solved completely the problem of determining the 
solutions of this equation passing through any two points A and B with 
different abscissae. We will not go into the details of this construction here 
but only mention that there are only three possibilities: 0, 1 or 2 solutions, 
depending on the features of one particular curve solution of (3.4.1). 
If $(y’) < 0, there are only two possibilities, 0 or 1 solution; if #(y’) > 0, 
we may have 0, 1 or 2 solutions. 
We now state briefly what one obtains for the Z’s in these two cases. 
(3.4.2) 4’(y) < 0. Then C, is the line x=x0 and C, is its complement, 
exactly as in case (3.2). 
(3.4.3) Q(y’) > 0. We get a situation much more interesting. It can be 
shown that what happens here in general is the analogue to the situation 
where 
y” = 4+y2 
2Y * 
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Then the general integral is 
y= (x+d +a 
a2 
2 
with aI, a2 arbitrary constants. A simple computation shows that, with 
respect to the point A(0, l), we have 
~,=~(x~Y)lx=o~u~(x,Y)lY<x2J, 
.&={(x,Y)/Y=x2J, 
c2 = {(x3 Y> IY > x2 I- 
(3.5) We now go back to the general situation, where we start with a 
point A(x,, y,) and the Z’s are relative to A. From (2.8), we have 
(3.51) PROPOSITION. There is a Baire set 9 c.F of functions f and a 
dense set 69 of the plane such that any B E ~9, not on the vertical of A, 
makes a stable pair with A. Thus, within any compact set, there is only a 
finite number of connections between A and B; i.e., the connections are 
isolated. 
This proposition says that, for most f s and most points of the plane, we 
are sure not to have the situation of Example (3.3) at the points x = kx, 
where there are bands of connections. 
Due to the fact that a small variation of the point B may change 
drastically the corresponding lifted manifolds, the possibility of highly 
pathological behaviour is not excluded. But no actual examples of such 
pathological behaviour seem to be known. 
(3.5.2) The truncated zi. A possible way to simplify the problem of 
describing the I=i)s is to restrict our domain, R 3, to the slab 1 u 1 < 1. Then the 
Z;s are defined as before except that we count only the connections whose 
lifts lie on the open slab 1~1 < 1. We get then the truncated Ei. From the 
above proposition, it is clear that no point of ~9 belongs to Em. But outside 
@ there might be points of Em. 
The study of these ci seems to be a basic problem. Of course we will have 
trouble at the boundary, but these seem to be far more tractable than the 
ones coming from an unrestricted U. 
4. OTHER BOUNDARY VALUE PROBLEMS 
In this section, we make a few comments about the way transversality 
arguments applied to the lifted manifolds can be used to detect problems 
which exhibit some stability and therefore are “well posed.” 
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(4.1) Consider the problem 
YN = f(x, Y, y’>; y’(x* = u, 9 Y’(X2) = u2, XI tfx,. 
The associated flow in R 3, (I, U, f(x, y, u)), is always dependent on u, but 
can be independent on y if f(x, y, u) happens to be so, In that particular 
case, we have trouble because the lifted manifolds are cylinders whose 
projections on the (x, U) plane are curves in such a way that the two of them 
either coincide or are disjoint and there are no transversal connections. 
(4.2) Suppose now that we have the problem 
Y tf = .I-(& y, Y’), YW = Yl3 Ye21 = Y2 3 
where now y and f are in R”. 
Then the lifted manifolds, defined in a similar way, are of dimension n + 1 
in R2nt 1. According to the transversality rule, when they meet transversally, 
the intersection is of dimension 1, i.e., a trajectory. So the problem is well 
posed. Now suppose that, leaving the condition y(xz) = y2 unchanged, we 
add at x,, besides y(x,) = y,, a condition fixing the first component of y’(x) 
at x, : y;(x,) = u,. Then the dimensions of the lifted manifolds are n and 
n + 1. To meet transversally, the intersection would be O-dimensional, but 
this is impossible because the intersection of the lifted manifolds is made up 
of trajectories. 
(4.3) Consider the third order equation 
Y”’ =f(x, y, Y’, Y”). 
For the problem 
Y&q) = YI 1 Y(%) = Y2 7 Y(X3) = Y, I x, <x, <x,7 
we have, in R4, three lifted manifolds each of dimension 3. Two of these 
manifolds meet transversally at a manifold of dimension 2 and this one meets 
transversally the other lifted manifold at something l-dimensional, i.e., a tra- 
jectory. 
Also, for the above equation the problem 
Ybl> = Y, 7 Y’h) = u, 3 Y(X3> = Y3 
agrees with the transversahty condition: one manifold is of dimension 2, the 
other is 3-dimensional and, when they meet transversally, they meet at a l- 
dimensional manifold; i.e., the lift of a transversal connection. 
The pattern is quite clear and applies to equations of any order. 
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